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In this paper we define r = r(n, k(a), p) as the least positive integer such that 
r, r + a, r + 24x,..., r + (k - 1)a are all n-th power residues (modp) and 
A(n, k(u)) is the liy+‘,s,up r(n, k(a), p). 
Following this notation, it is proved that 4(2,2(a)) < m for all ‘a’. Besides 
this, the values of ‘a’ have also been derived, which are responsible for the 
result 42, 3(u)) = co. 
INTRODUCTION AND NOTATION 
In their paper “On Run of Residues,” Lehmer and Lehmer [4] have 
defined A(n, k) as liF:)p ~(y1, k, p), where Y = r(n, k, p) denotes the 
least positive integer such that r, r + 1, r + 2,..., r + k - 1 are all nth 
power residues modp, where p = I(mod n), p being prime. In what 
follows, we use a slightly more general notation from this. If n, k, and a 
are given positive integers, and p is a large prime with p = I(mod n), 
then we define r = r(n, k(a), p) as the least positive integer such that 
r, r + a, r + 2a ,..., r + (k - I)a are all nth power residues modp. The 
existence of k members of nth power residues in arithmetic progression, 
with a given common difference ‘a’ for every large prime p, follows from 
the Brauer theorem [I]. A@, k(a)) is then defined as liq+yp r(n, k(a),p), 
as above. If, however, r, r + a ,..., r + (k - 1)a belong to any one of the n 
co&s determined with the help of the subgroup of nth power residues 
mod p in the multiplicative group of Galois field of p elements 0, 1, 2,..., 
(p - l), then the notation used is cl*@, k(a))-an extension of A*+, k) 
[3]. The notations A@, k) and cl*@, k) used in the quoted papers become, 
respectively, A(n, k(1)) and A*@, k(l)), in the sense of our definition. 
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OUR PROBLEM AND DISCUSSION 
In general, our problem is to know whether cl(or A*) is finite or infinite, 
and to determine its value when finite. In the present paper, we discuss the 
case when n = 2 while k and a take different values. The discussion of 
other values of 12 will appear soon. 
When k = 2 and a = 1, the value J2,2(1)) = 9 is alraedy known. 
The values of 11(2,2(u)) when a takes values from 1 to 12 successively 
are given in the table below. 
a=1 2 3 4 5 6 7 8 9 10 11 12 
A(2,2(u)) = 9 4 1 10 4 14 9 1 9 12 5 4 
The values incorporated in the above table are easy to calculate. For 
example, in the case when a = 11, the proof, using the Legendre symbol, 
is as follows: 
1 Z- (1, 12) which means that the least pair of quadratic 
residues situated a t a distance of 11 under the hypothesis of 
12. 
3 ( 1 -- = 1 are 1 and P 
Similarly, 
5 ( 1 F = 1 * (5, 16) 
and 
3 ( ) -F= -1 = ($) => (4, 15) :. 11(2,2(11)) = 5. 
Actually we have a more strong result in the following theorem. 
THEOREM 1. (1(2,2(u)) < 03 for everyJinife a. 
Proof. We consider different cases: 
(i) a odd = 2t + 1. In this case, a rough upper bound of (1(2,2(u)) 
is (+)“. This is so because in terms oft, we have the existence of a pair 
of quadratic residues with respect to all primes as 
(t”, (t + 1n. 
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(ii) a even of form 4k. Let a = 4t where t > 1. Then a rough upper 
bound of A(2,2(4t)) is (t - l)2 because ((t - I)‘, (t + 1)2) is a pair of 
quadratic residues for all primes and, thus, in this case 
A(2,2(a)) < (+)‘. 
The case when i = 1 has already been discussed in the above table. 
(iii) a = 4t + 2. 
(a) 2 is a quadratic residue. Under this hypothesis, the 2 members 
2t2 and 2(t + 1)2 are both quadratic residues and, hence, in this case a 
rough upper bound of (1(2,2(a)) is 
(a - 2)2 
2(+)2= 8 . 
(b) ($j = - 1. Then following the notation used for the result 
/1(2,2(11)) = 5, we have 
2 ( )- 7 ---I 
and 
2 
( 1 P= 
-1 
Finally, 
(y) = --I 3 (2t + 2, 6t + 4). 
= -1 = (F) = r+), (F) = 1 => (8t + 6, 12t + 8). 
Thus, in this case 11(2,2(u)) < (2~ + 2). 
From the above, it is clear that a rough upper bound of (1(2,2(u)) depends 
on a only, and is independent of p. Hence, (1(2,2(a)) < 0~). From this 
discussion we can easily deduce the following theorem: 
THEOREM 2. A(2,2(u)) < (-%$-)2fir all a Z 7. 
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Prooj: From the proof of Theorem 1, we conclude that a rough upper 
bound of (1(2,2(u)) is max 120 + 2, (%)‘I, and since a > 11 * 
(q.)’ > (2~ + 2), therefore, for all a 3 11, (1(2, 2(a)) < (q)“. 
The values incorporated in the above table enable us to conclude that 
42,2(n)) < (+)’ for all a 3 7. It may, however, be pointed out that 
in many cases the exact value of (1(2,2(a)) would be much less than 
(“- ‘1 
~. 
2 
‘. For example, the value of (1(2,2( 11)) is 5 and that of d(2,2(35)) 
is 1. 
Lehmer and Lehmer have shown [4] that fl(2, 3(l)) = co which auto- 
matically means that (1(2g, 3(l)) = co for every positive integral value 
of g. In the sequel, we prove a more general theorem on the same lines 
of proof. The proof is based on the following lemma due to Kummer [2] 
extended by Mills [6]. 
LEMMA. If n is either an odd integer or an even integer from 2, 4, 201 
with 01 prime and ~3 (mod 4), and p1 , p2 ,..., pt are distinct primes and 
if l 1 , Ed ,..., et denote nth roots of unity, then there exist infinitely many 
primes p satisfying x(pi) = ci(i = I, 2, 3,..., t) where x denotes nth power 
character mod p. 
THEOREM 3. (1(2, 3(a)) = cc whenever a = f 1 (mod 3) or = -l2 
(mod 5). 
Proof. Let N be an arbitrarily selected positive integer. We define x, 
the quadratic character mod p, which satisfies x(pl) = 1 and x(p2) = - 1, 
where p1 and p2 range over all primes of the form 3t + 1 and 3t + 2 
respectively, which are less than or equal to N. By using the above lemma, 
it follows that there exist infinitely many primes p which satisfy this 
hypothesis. If we choose any three positive integers below N which are in 
arithmetic progression with a common difference of the form 3t + 1 or 
3t + 2 (t = 0, 1,2,...), then we observe that these three integers are of 
the type 3t, ,3t, + 1, 3t, + 2 in some order. Any triplet thus selected 
will always contain a member of the form 3t, + 2 which will be a quadratic 
nonresidue with respect to p by our definition. Since N is arbitrary, the 
proof is immediate. 
The proof of the second part is similar to the first part. In this case, 
we define x which satisfies x(pl) = 1, x(p2) = - 1, where p1 represents 
all primes of the form 5t f 1 andp, of the form 5t & 2 which are below N. 
Under this hypothesis every integer below N which is of the form 5t + 2 
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or 5t + 3 would be a quadratic nonresidue and, thus, the proof is 
complete. 
If we examine (1(2,3(a)) for all integral values of a from 1 to 14, we find 
that d(2, 3(a)) = co for all a except for a = 6 and 9. These two values 
are not covered by Theorem 3. We prove, by a proposition below, that 
in both these cases the values are finite. 
PROPOSITION. (i) /1(2, 3(6)) = 24; (ii) (1(2, 3(9)) = 42. 
Proof. The notation below gives least triplet of quadratic residues in 
parenthesis on the right side against the assumed values of quadratic 
character x shown on the left side. 
(i) x(2) = 1, x(3) = 1 3 (6, 12, 18) 
x(2) = 1, x(5) = 1 2 (4, 10, 16) 
x(2) = 1, x(7) = 1 $ (2,8, 14) 
x(2) = 1, x(3) = x(5) = x(7) = - 1 * (9, 15,21) 
x(2) = -1, x(5) = -1 3 (4, 10, 16) 
x(3) = 1, x(5) = I * (3,9,15) 
x(2) = -1, x(5) = 1, x(3) = -1 =+ (24, 30, 36) 
:. 11(2, 3(6)) = 24. 
(ii) x(3) = 1, x(2) = 1 2 (9, 18, 27) 
x(7) = 1 => (7, 16,25) 
x(3) = 1 = x(5) =a (27, 36,45) 
x(3) = 1, x(2) = - 1 = x(5), x(13) = 1 * (30, 39,48) 
x(2) = -1, x(17) = -1 => (16,25,34) 
x(2) = -1 = x(5) = x(7) = x(13), x(17) = 1 => (17,,26, 35) 
x(3) = -1, x(2) = -1, x(5) = --I s- (6, 15, 24) 
x(3) = -1 = x(2), x(5) = 1 + (36,45, 54) 
x(2) = 1 = x(17) =c- (16,25, 34) 
x(3) = -1 = x(5) = x(7) = x(17), x(2) = 1 =S (42, 51,60) 
x(2) = x(5) = x(11) = 1 * (2, 11,20) 
x(3) = x(7) = x(11) = x(17) = - 1, x(2) = 1 + (33,42, 5 1) 
- -4(2, 3(9)) = 42. . . 
The proof of Theorem 3 enables us to have a more general result namely 
(1*(2,3(u)) = co, where 
a z +l(mod 3). 
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However, the value of 11*(2,3(3)) works out to be 15 on the lines of 
argument as given in the above Proposition. 
As a result of the above discussions, we can easily state the following 
theorem. 
THEOREM 4. A*(2g,3(a)) = co where a = f l(mod 3) and n(2g, 3(a)) = 
co, where a = f l(mod 3) or ES &2(mod 5), where g is anypositive integer. 
CONJECTURE. Whenever the above lemma does not give us the value of A 
or A* as infinite, the ualue isjnite. 
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